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ON SOME DECOMPOSITIONS OF THE 3-STRAND SINGULAR
BRAID GROUP
KRISHNENDU GONGOPADHYAY AND TATYANA KOZLOVSKAYA
Abstract. Let SBn be the singular braid group generated by braid generators σi and
singular braid generators τi, 1 ≤ i ≤ n− 1. Let STn denote the group that is the kernel
of the homomorphism that maps, for each i, σi to the cyclic permutation (i, i + 1) and
τi to 1. In this paper we investigate the group ST3. We prove that ST3 is isomorphic to
the pure singular braid group SP3 on 3 strands.
1. Introduction
The notion of singular braids was introduced independently by Baez in [B92] and Bir-
man in [Bi93]. The set of all such braids has a monoid structure. It was shown in [FKR98]
that the Baez-Birman monoid on n strands is embedded in a group which is denoted by
SBn. The group SBn is now known as the singular braid group on n strands. The group
SBn contains the classical braid group Bn as a subgroup. The singular braid group SBn
is generated by a set of 2(n− 1) generators: {σi, τi | i = 1, 2, . . . , n− 1}, where σi satisfy
the usual braid relations:
σiσj = σjσi, if |i− j| > 1;
σiσi+1σi = σi+1σiσi+1,
and τi satisfy the commuting relations:
τiτj = τjτi, if |i− j| > 1;
and in addition there are the following mixed relations among σi, τi:
(1.0.1) σi+1σiτi+1 = τiσi+1σi;
(1.0.2) σiσi+1τi = τi+1σiσi+1.
(1.0.3) τiσj = σjτi, if i = j or |i− j| > 1;
The generators include the standard braids σi and braids τi.
Singular braids are related to finite type invariants of knots and links. It is a natu-
ral problem to investigate their algebraic and geometric properties to understand these
invariants. The word problem for SB3 was solved in [Ja], [DG00]. For arbitrary n, it
follows from the work of Corran [Co] or Godelle and Paris [GP09]. For more information
on generalised braids and singular braid groups, we refer to the survey [V14].
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In [DG98], Dasbach and Gemein introduced the singular pure braid group SPn that is
a generalization of the (classical) pure braid group Pn. The group SPn is the kernel of
the natural surjective homomorphism that maps, for each i, σi and τi to the cyclic per-
mutation (i, i+ 1). Dasbach and Gemein found a set of generators and defining relations
for SPn and established that this group can be constructed using consecutive HNN ex-
tensions. Recently, Bardakov and Kozlovskaya [BK] revisited SP3 and obtained another
presentation for it that decomposes SP3 as a direct product of two groups.
For the virtual braid group V Bn people study the kernels of two homomorphisms:
ϕ1, ϕ2 : V Bn → Sn. The first is defined by the rules
ϕ1(σi) = ϕ1(ρi) = (i, i+ 1), i = 1, 2, . . . , n− 1,
and the kernel Ker(ϕ1) is called the virtual pure braid group and is denoted V Pn. This
group was introduced in [B]. The second homomorphism is defined by the rules
ϕ2(σi) = e, ϕ2(ρi) = (i, i+ 1), i = 1, 2, . . . , n− 1,
and the kernel Ker(ϕ2) is called the Rabenda group and is denoted V Rn. This group was
introduced in [Ra]. In [BB], it was proved that the group V Pn is not isomorphic to V Rn
for n ≥ 3.
Consider the homomorphism
pi : SBn −→ Sn
of SBn onto the symmetric group Sn on n symbols by actions on the generators
pi(σi) = si = (i, i+ 1), i = 1, 2, . . . , n− 1, pi(τj) = 1, j = 1, 2, . . . , n− 1.
Hence, we have decomposition
1→ Ker(pi)→ SBn → Sn → 1.
Denote by STn the kernel Ker(pi). So, the group STn may be thought of as an opposite
analogue of the Rabenda group.
In this paper, we obtain a presentation for the group ST3. Using this presentation, we
prove the following.
Theorem 1.1. The group ST3 is isomorphic to the pure singular braid group of SP3.
We prove this theorem in Section 4. This result rely on a presentation for ST3, see
Theorem 3.8, that is obtained by using the Reidemeister-Schreier method.
In the general case we can formulate
Question 1.2. Is it true that SPn is isomorphic to STn for n > 3.
2. Reidemeister-Schreier Algorithm
Given a presentation of a group G, this algorithm allows one to find a presentation of
a subgroup H ⊂ G. To obtain the presentation of H , it is necessary to find a Schreier’s
set of right coset of the group G over the subgroup H . We briefly recall the algorithm.
Let a1, . . . , an be the generators of the group G and R1, . . . , Rm be the set of defining
relations for the given set of generators. A set of words N = {Kα, α ∈ A} on generators
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a1, . . . , an defines a Schreier’s system for the subgroup H ⊂ G relative to the system of
generators a1, . . . , an if the following conditions are satisfied:
1) There is only one word of N from every right coset of the group G over H .
2) If the word Kα = a
ε1
i1
. . . a
εp−1
ip−1
a
εp
ip
, (εj = ±1) lies in N , then the word a
ε1
i1
. . . a
εp−1
ip−1
also
lies in N .
Suppose that some Schreier’s system N is chosen for the subgroup H ⊂ G relative to
the system generators a1, . . . , an of G. For every word Q on a1, . . . , an, we denote by Q the
only word from N which lies in the same right coset of G over the subgroup H . Denote
SKα,aν = Kαaν · (Kαaν)
−1, α ∈ A, ν = 1, . . . , n.
Theorem of Reidemeister-Schreier states that the elements SKα,aν generate subgroup H
and the set of defining relations for this set of generators is given by the following. First
ser of relation consists of trivial relations SKα,aν = 1, where the pair Kα, aν is such that
the word Kαaν · (Kαaν)
−1 is freely equivalent to the word 1. Second ser of relations
consists of all relations of the form τ(KαRµK
−1
α ), where α ∈ A, µ = 1, . . . , m, and τ is
Reidemeister’s transformation, which maps every nonempty word aε1i1 . . . a
εp
ip
, (εj = ±1)
from symbols a1, . . . , an to the word from symbols SKα,aν by the rule:
τ(aε1i1 . . . a
εp
ip
) = Sε1Ki1 ,ai1
. . . S
εp
Kip ,aip
,
where Kij = a
ε1
i1
. . . a
εj−1
ij−1
, if εj = 1, and Kij = a
ε1
i1
. . . a
εj
ij
, if εj = −1.
3. Presentation of ST3
The group SB3 is generated by elements
σ1, σ2, τ1, τ2,
and is defined by relations
σ1τ1 = τ1σ1, σ1σ2σ1 = σ2σ1σ2, σ2τ2 = τ2σ2, σ1σ2τ1 = τ2σ1σ2, σ2σ1τ2 = τ1σ2σ1.
The set of coset representatives:
Λ3 = {1, σ1, σ2, σ1σ2, σ2σ1, σ1σ2σ1}.
The group ST3 is generated by elements
Sλ,a = λa · (λa)
−1, λ ∈ Λ3, a ∈ {σ1, σ2, τ1, τ2}.
Find these elements
S1,σ1 = σ1 · (σ1)
−1 = σ1 · σ
−1
1 = 1,
S1,σ2 = σ2 · (σ2)
−1 = σ2 · σ
−1
2 = 1,
S1,τ1 = τ1 · (τ1)
−1 = τ1,
S1,τ2 = τ2 · (τ2)
−1 = τ2,
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Sσ1,σ1 = σ
2
1 · σ
2
1
−1
= σ21 · 1 = σ
2
1 ,
Sσ1,σ2 = σ1σ2 · (σ1σ2)
−1 = 1,
Sσ1,τ1 = σ1τ1 · (σ1τ1)
−1 = τ1,
Sσ1,τ2 = σ1τ2 · (σ1τ2)
−1 = σ1τ2σ
−1
1 ,
Sσ2,σ1 = σ2σ1 · (σ2σ1)
−1 = 1,
Sσ2,σ2 = σ
2
2 · σ
2
2
−1
= σ22 · 1 = σ
2
2,
Sσ2,τ1 = σ2τ1 · (σ2σ1)
−1 = σ2τ1σ
−1
2 ,
Sσ2,τ2 = σ2τ2 · (σ2τ2)
−1 = τ2,
Sσ1σ2,σ1 = σ1σ2σ1 · (σ1σ2σ1)
−1 = 1,
Sσ1σ2,σ2 = σ1σ
2
2σ
−1
1 ,
Sσ1σ2,τ1 = σ1σ2τ1σ
−1
2 σ
−1
1 = τ2,
Sσ1σ2,τ2 = σ1τ2σ
−1
1 ,
Sσ2σ1,σ1 = σ2σ
2
1σ
−1
2 ,
Sσ2σ1,σ2 = σ2σ1σ2σ
−1
1 σ
−1
2 σ
−1
1 = 1,
Sσ2σ1,τ1 = σ2τ1σ
−1
2 ,
Sσ2σ1,τ2 = σ2σ1τ2σ
−1
1 σ
−1
2 = τ1,
Sσ1σ2σ1,σ1 = σ1σ2σ
2
1σ
−1
2 σ
−1
1 = σ
2
2 ,
Sσ1σ2σ1,σ2 = σ1σ2σ1σ2σ
−1
1 σ
−1
2 = σ
2
1,
Sσ1σ2σ1,τ1 = σ1σ2τ1σ
−1
2 σ
−1
1 = τ2,
Sσ1σ2σ1,τ2 = σ1σ2σ1τ2σ
−1
1 σ
−1
2 σ
−1
1 = τ1.
Find the set of defining relations.
Lemma 3.1. From relation r1 = σ1τ1σ
−1
1 τ
−1
1 follows 6 relations, applying which we can
remove generators:
Sσ1,τ1 = S1,τ1 ;Sσ2σ1,τ1 = Sσ2,τ1 ;Sσ1σ2σ1,τ1 = Sσ1σ2,τ1.
and we get 3 relations:
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Sσ1,σ1Sσ1,τ1 = Sσ1,τ1Sσ1,σ1
Sσ2σ1,σ1Sσ2,τ1 = Sσ2,τ1Sσ2σ1,σ1
Sσ1σ2σ1,σ1Sσ1σ2,τ1 = Sσ1σ2,τ1Sσ1σ2σ1,σ1 .
Proof. Take the relation r1 = σ1τ1σ
−1
1 τ
−1
1 . From this, we get the following relations.
τ(r1) = S1,σ1Sσ1,τ1S
−1
1,σ1
S−11,τ1 = Sσ1,τ1S
−1
1,τ1
= 1,
this implies,
Sσ1,τ1 = S1,τ1
r1,σ1 = τ(σ1r1σ
−1
1 ) = S1,σ1Sσ1,σ1S1,τ1S
−1
σ1,σ1
S−1σ1,τ1S
−1
1,σ1
= Sσ1,σ1S1,τ1S
−1
σ1σ1
S−1σ1,τ1 = 1,
this implies,
Sσ1,σ1S1,τ1 = Sσ1,τ1Sσ1,σ1
r1,σ2 = τ(σ2r1σ
−1
2 ) = S1,σ2Sσ2,σ1Sσ2σ1,τ1S
−1
σ2,σ1
S−1σ2,τ1S
−1
1,σ2
= Sσ2σ1,τ1S
−1
σ2,τ1
= 1,
this implies,
Sσ2σ1,τ1 = Sσ2,τ1 .
r1,σ1σ2 = τ(σ1σ2r1σ
−1
2 σ
−1
1 ) = S1,σ1Sσ1,σ2Sσ1σ2,σ1Sσ1σ2σ1,τ1S
−1
σ1σ2,σ1
S−1σ1σ2,τ1S
−1
σ1,σ2
S−11,σ1 =
= Sσ1σ2σ1,τ1S
−1
σ1σ2,τ1
= 1,
this implies,
Sσ1σ2σ1,τ1 = Sσ1σ2,τ1 .
From the relation
r1,σ2σ1 = τ(σ2σ1r1σ
−1
1 σ
−1
2 ) = S1,σ2Sσ2,σ1Sσ2σ1,σ1Sσ2,τ1S
−1
σ2σ1,σ1
S−1σ2σ1,τ1S
−1
σ2,σ1
S−11,σ2 =
= Sσ2σ1,σ1Sσ2,τ1S
−1
σ2σ1,σ1
S−1σ2σ1,τ1 = 1
follows that
Sσ2σ1,σ1Sσ2,τ1 = Sσ2σ1,τ1Sσ2σ1,σ1.
Relation
r1,σ1σ2σ1 = τ(σ1σ2σ1r1σ
−1
1 σ
−1
2 σ
−1
1 ) = S1,σ1Sσ1,σ2Sσ1σ2,σ1Sσ1σ2σ1,σ1Sσ1σ2,τ1 ·
·S−1σ1σ2σ1,σ1S
−1
σ1σ2σ1,τ1
S−1σ1σ2,σ1S
−1
σ1,σ2
S−11,σ1 =
= Sσ1σ2σ1,σ1Sσ1σ2,τ1S
−1
σ1σ2σ1,σ1
S−1σ1σ2σ1,τ1 = 1.
we get the relation
Sσ1σ2σ1,σ1Sσ1σ2,τ1 = Sσ1σ2σ1,τ1Sσ1σ2σ1,σ1 .
Now the lemma follows. 
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Lemma 3.2. From relation r2 = σ1σ2σ1σ
−1
2 σ
−1
1 σ
−1
2 follows 5 relations, applying which we
can remove 4 generators:
Sσ2σ1,σ2 = 1, Sσ1,σ1 = Sσ1σ2σ1,σ2 Sσ1σ2σ1,σ1 = Sσ2,σ2,
and we get relations:
Sσ1,σ1Sσ2σ1,σ1 = Sσ1σ2,σ2Sσ1,σ1
Sσ2σ1,σ1Sσ2,σ2 = Sσ2,σ2Sσ1σ2,σ2 .
Sσ2,σ2Sσ1σ2,σ2Sσ1σ1 = Sσ1,σ1Sσ2σ1,σ1Sσ2,σ2 .
Proof. Take the relation r2 = σ1σ2σ1σ
−1
2 σ
−1
1 σ
−1
2 . Then
r2 = r2,1 = S1,σ1Sσ1,σ2Sσ1σ2,σ1S
−1
σ2σ1,σ2
S−1σ2,σ1S
−1
1,σ2
= S−1σ2σ1,σ2 = 1,
i.e. Sσ2σ1,σ2 = 1 and we can remove this generator.
Conjugating this relation by σ−11 , we get
r2,σ1 = S1,σ1Sσ1,σ1S1,σ2Sσ2,σ1S
−1
σ1σ2σ1,σ2
S−1σ1σ2,σ1S
−1
σ1,σ2
S−11,σ1 = Sσ1,σ1S
−1
σ1σ2σ1,σ2
= 1,
i.e. Sσ1,σ1 = Sσ1σ2σ1,σ2 .
Conjugating r2 by σ
−1
2 , we get
r2,σ2 = S1,σ2Sσ2,σ1Sσ2σ1,σ2Sσ1σ2σ1,σ1S
−1
σ1,σ2
S−11,σ1S
−1
σ2,σ2
S−11,σ2 = Sσ2σ1,σ2Sσ1σ2σ1,σ1S
−1
σ2,σ2
= 1.
Since Sσ2σ1,σ2 = 1, from this relation follows that Sσ1σ2σ1,σ1 = Sσ2,σ2 and we can remove
Sσ1σ2σ1,σ1.
Conjugating r2 by (σ1σ2)
−1, we get
Relation
r2,σ1σ2 = Sσ1σ2σ1,σ2Sσ2σ1,σ1S
−1
σ1,σ1
S−1σ1σ2,σ2 = 1
gives relation
Sσ1σ2σ1,σ2Sσ2σ1,σ1 = Sσ1σ2,σ2Sσ1,σ1
Conjugating by (σ2σ1)
−1 we get
r2,σ2σ1 = Sσ2σ1,σ1Sσ2,σ2S
−1
σ1σ2,σ2
S−1σ1σ2σ1,σ1 = 1
or
Sσ2σ1,σ1Sσ2,σ2 = Sσ1σ2σ1,σ1Sσ1σ2,σ2 .
Sσ2σ1,σ1Sσ2,σ2 = Sσ2,σ2Sσ1σ2,σ2 .
Take the relation:
r2,σ1σ2σ1 = Sσ1σ2σ1,σ1Sσ1σ2,σ2Sσ1σ1S
−1
σ2,σ2
S−1σ2σ1,σ1S
−1
σ1σ2σ1,σ2
= 1,
that is equivalent to
Sσ2,σ2Sσ1σ2,σ2Sσ1σ1 = Sσ1σ2σ1,σ2Sσ2σ1,σ1Sσ2,σ2
or
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Sσ2,σ2Sσ1σ2,σ2Sσ1σ1 = Sσ1,σ1Sσ2σ1,σ1Sσ2,σ2 .
Now the lemma follows. 
Lemma 3.3. From relation r3 = σ2τ2σ
−1
2 τ
−1
2 follows 5 relations, applying which we can
remove 3 generators:
S1,τ2 = Sσ2,τ2 , Sσ1,τ2 = Sσ1σ2,τ2 , Sσ2σ1,τ2 = Sσ1σ2σ1,τ2.
and we get 3 relations:
Sσ2,σ2Sσ2,τ2 = Sσ2,τ2Sσ2,σ2
Sσ1σ2,σ2Sσ1,τ2 = Sσ1,τ2Sσ1σ2,σ2 .
Sσ1,σ1Sσ2σ1,τ2 = Sσ2σ1,τ2Sσ1,σ1 .
Proof. Consider the relation r3 = σ2τ2σ
−1
2 τ
−1
2 . From it
r3,1 = Sσ2,τ2S
−1
1,τ2
= 1
S1,τ2 = Sσ2,τ2.
Conjugating by (σ1)
−1
r3,σ1 = Sσ1σ2,τ2S
−1
σ1,τ2
or
Sσ1,τ2 = Sσ1σ2,τ2 .
Conjugating by (σ2)
−1
r3,σ2 = Sσ2,σ2S1,τ2S
−1
σ2,σ2
S−1σ2,τ2 = 1
and we have the relation
Sσ2,σ2S1,τ2 = Sσ2,τ2Sσ2,σ2 .
Conjugating by (σ1σ2)
−1
r3,σ1σ2 = Sσ1σ2,σ2Sσ1,τ2S
−1
σ1σ2,σ2
S−1σ1σ2,τ2 = 1
or
Sσ1σ2,σ2Sσ1,τ2 = Sσ1σ2,τ2Sσ1σ2,σ2.
Conjugating by (σ2σ1)
−1
r3,σ2σ1 = Sσ1σ2σ1,τ2S
−1
σ2σ1,τ2
= 1.
We can remove the generator
Sσ2σ1,τ2 = Sσ1σ2σ1,τ2 .
Conjugating by (σ1σ2σ1)
−1
r3,σ1σ2σ1 = Sσ1σ2σ1,σ2Sσ2σ1,τ2S
−1
σ1σ2σ1,σ2
S−1σ1σ2σ1,τ2 = 1
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or
Sσ1,σ1Sσ2σ1,τ2 = Sσ1σ2σ1,τ2Sσ1,σ1.
Now the lemma follows. 
Lemma 3.4. From relation r4 = σ1σ2τ1σ
−1
2 σ
−1
1 τ
−1
2 follows 6 relations, applying which we
can remove 3 generators:
S1,τ2 = Sσ1σ2,τ1 , Sσ1σ2σ1,τ1 = Sσ2,τ2
and we get relations:
Sσ1,σ1Sσ2,τ1 = Sσ1,τ2Sσ1,σ1 .
Sσ1,σ1Sσ2σ1,τ1 = Sσ1σ2,τ2Sσ1,σ1
Sσ2σ1,σ1Sσ2,σ2S1,τ1 = Sσ2σ1,τ2Sσ2σ1,σ1Sσ2,σ2
Sσ2,σ2Sσ1σ2,σ2Sσ1,τ1 = Sσ2σ1,τ2Sσ2,σ2Sσ1σ2,σ2 .
Proof. Take the relation r4 = σ1σ2τ1σ
−1
2 σ
−1
1 τ
−1
2 and rewrite in the new generators:
r4,1 = Sσ1σ2,τ1S
−1
1,τ2
= 1
or
S1,τ2 = Sσ1σ2,τ1 .
Conjugating by (σ1)
−1
r4,σ1 = S1,σ1Sσ1,σ1S1,σ2Sσ2,τ1S
−1
1,σ2
S−1σ1,σ1S
−1
σ1,τ2
S−11,σ1 = Sσ1,σ1Sσ2,τ1S
−1
σ1,σ1
S−1σ1,τ2 = 1
or
Sσ1,σ1Sσ2,τ1 = Sσ1,τ2Sσ1,σ1 .
Next relation
r4,σ2 = Sσ1σ2σ1,τ1S
−1
σ2,τ2
= 1
or
Sσ1σ2σ1,τ1 = Sσ2,τ2.
Next relation
r4,σ1σ2 = S1,σ1Sσ1,σ2Sσ1σ2,σ1Sσ1σ2σ1,σ2Sσ2σ1,τ1S
−1
σ1σ2σ1,σ2
S−1σ1σ2,σ1S
−1
σ1σ2,τ2
S−1σ1,σ2S
−1
1,σ1
=
= Sσ1σ2σ1,σ2Sσ2σ1,τ1S
−1
σ1σ2σ1,σ2
S−1σ1σ2,τ2 = 1.
then
Sσ1,σ1Sσ2σ1,τ1 = Sσ1σ2,τ2Sσ1,σ1
Take the relation:
r4,σ2σ1 = Sσ2σ1,σ1Sσ2,σ2S1,τ1S
−1
σ2,σ2
S−1σ2σ1,σ1S
−1
σ2σ1,τ2
= 1
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and we have the relation
Sσ2σ1,σ1Sσ2,σ2S1,τ1 = Sσ2σ1,τ2Sσ2σ1,σ1Sσ2,σ2
The relation: r4,σ1σ2σ1 = Sσ1σ2σ1,σ1Sσ1σ2,σ2Sσ1,τ1S
−1
σ1σ2,σ2
S−1σ1σ2σ1,σ1S
−1
σ1σ2σ1,τ2
= 1 or
Sσ1σ2σ1,σ1Sσ1σ2,σ2Sσ1,τ1 = Sσ1σ2σ1,τ2Sσ1σ2σ1,σ1Sσ1σ2,σ2 .
Hence, we have proven the lemma. 
Lemma 3.5. From relation r5 = σ2σ1τ2σ
−1
1 σ
−1
2 τ
−1
1 follows relations:
Sσ2σ1,τ2 = S1,τ1 .
Sσ1σ2σ1,τ2 = Sσ1,τ1.
Sσ2,σ2Sσ1,τ2 = Sσ2,τ1Sσ2,σ2
Sσ1σ2,σ2Sσ1,σ1Sσ2,τ2 = Sσ2,τ2Sσ1σ2,σ2Sσ1,σ1
Sσ2,σ2Sσ1,τ2 = Sσ2,τ1Sσ2,σ2
Sσ1,σ1Sσ2σ1,σ1Sσ2,τ2 = Sσ2,τ2Sσ1,σ1Sσ2σ1,σ1.
Proof. Take the relation r5 = σ2σ1τ2σ
−1
1 σ
−1
2 τ
−1
1 and rewrite in the new generators:
r5,1 = Sσ2σ1,τ2S
−1
1,τ1
= 1
we get relation
Sσ2σ1,τ2 = S1,τ1 .
Relation
r5,σ1 = Sσ1σ2σ1,τ2S
−1
σ1,τ1
= 1
or
Sσ1σ2σ1,τ2 = Sσ1,τ1.
Relation
r5,σ2 = Sσ2,σ2Sσ1,τ2S
−1
σ2σ2
S−1σ2,τ1 = 1
we get relation
Sσ2,σ2Sσ1,τ2 = Sσ2,τ1Sσ2,σ2
From relation r5,σ1σ2 = 1 follows relation
Sσ1σ2,σ2Sσ1,σ1S1,τ2 = Sσ1σ2,τ1Sσ1σ2,σ2Sσ1,σ1
Sσ1σ2,σ2Sσ1,σ1Sσ2,τ2 = Sσ2,τ2Sσ1σ2,σ2Sσ1,σ1
From r5,σ2σ1 = 1 follows relation
Sσ1σ2σ1,σ1Sσ1σ2,τ2 = Sσ2σ1,τ1Sσ1σ2σ1,σ1
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Sσ2,σ2Sσ1,τ2 = Sσ2,τ1Sσ2,σ2
From r5,σ1σ2σ1 = 1 follows relation
Sσ1σ2σ1,σ2Sσ2σ1,σ1Sσ2,τ2 = Sσ1σ2σ1,τ1Sσ1σ2σ1,σ2Sσ2σ1,σ1
Sσ1,σ1Sσ2σ1,σ1Sσ2,τ2 = Sσ2,τ2Sσ1,σ1Sσ2σ1,σ1.
Hence we have proven the lemma. 
Therefore,
Sσ1,τ1 = S1,τ1 ;Sσ2σ1,τ1 = Sσ2,τ1 ;Sσ1σ2σ1,τ1 = Sσ1σ2,τ1;
Sσ2σ1,σ2 = 1;Sσ1,σ1 = Sσ1σ2σ1,σ2;Sσ1σ2σ1,σ1 = Sσ2,σ2;
S1,τ2 = Sσ2,τ2 ;Sσ1,τ2 = Sσ1σ2,τ2 ;Sσ2σ1,τ2 = Sσ1σ2σ1,τ2;
S1,τ2 = Sσ1σ2,τ1;Sσ1σ2σ1,τ1 = Sσ2,τ2;Sσ2σ1,τ2 = S1,τ1 ;Sσ1σ2σ1,τ2 = Sσ1,τ1 .
Sσ1,σ1Sσ1,τ1 = Sσ1,τ1Sσ1,σ1
Sσ2σ1,σ1Sσ2,τ1 = Sσ2,τ1Sσ2σ1,σ1
Sσ2,σ2Sσ2,τ2 = Sσ2,τ2Sσ2,σ2 .
Sσ1,σ1Sσ2σ1,σ1 = Sσ1σ2,σ2Sσ1,σ1
Sσ2σ1,σ1Sσ2,σ2 = Sσ2,σ2Sσ1σ2,σ2 .
Sσ2,σ2Sσ1σ2,σ2Sσ1σ1 = Sσ1,σ1Sσ2σ1,σ1Sσ2,σ2 .
Sσ1σ2,σ2Sσ1,τ2 = Sσ1,τ2Sσ1σ2,σ2 .
Sσ1,σ1Sσ2,τ1 = Sσ1,τ2Sσ1,σ1 .
Sσ2σ1,σ1Sσ2,σ2Sσ1,τ1 = Sσ1,τ1Sσ2σ1,σ1Sσ2,σ2
Sσ2,σ2Sσ1σ2,σ2Sσ1,τ1 = Sσ1,τ1Sσ2,σ2Sσ1σ2,σ2.
Sσ2,σ2Sσ1,τ2 = Sσ2,τ1Sσ2,σ2
Sσ1σ2,σ2Sσ1,σ1Sσ2,τ2 = Sσ2,τ2Sσ1σ2,σ2Sσ1,σ1
Sσ2,σ2Sσ1,τ2 = Sσ2,τ1Sσ2,σ2
Sσ1,σ1Sσ2σ1,σ1Sσ2,τ2 = Sσ2,τ2Sσ1,σ1Sσ2σ1,σ1.
ON SOME DECOMPOSITIONS OF THE 3-STRAND SINGULAR BRAID GROUP 11
Lemma 3.6. The following equalities hold
S1,τ1 = τ1 = c12,
S1,τ2 = τ2 = c23,
Sσ1,σ1 = σ
2
1 = a12,
Sσ1,τ1 = τ1 = c12,
Sσ1,τ2 = σ1τ2σ
−1
1 = a12c13a
−1
12
Sσ2,σ2 = σ
2
2 = a23,
Sσ2,τ1 = σ2τ1σ
−1
2 = c13,
Sσ2,τ2 = τ2 = c23,
Sσ1σ2,σ2 = σ1σ
2
2σ
−1
1 = a12a13a
−1
12 ,
Sσ1σ2,τ1 = σ1σ2τ1σ
−1
2 σ
−1
1 = c23,
Sσ1σ2,τ2 = σ1τ2σ
−1
1 = a12c13a
−1
12 ,
Sσ2σ1,σ1 = σ2σ
2
1σ
−1
2 = a13,
Sσ2σ1,τ1 = σ2τ1σ
−1
2 = c13,
Sσ2σ1,τ2 = σ2σ1τ2σ
−1
1 σ
−1
2 = c12,
Sσ1σ2σ1,σ1 = σ1σ2σ
2
1σ
−1
2 σ
−1
1 = a23,
Sσ1σ2σ1,σ2 = σ1σ2σ1σ2σ
−1
1 σ
−1
2 = a12,
Sσ1σ2σ1,τ1 = σ1σ2τ1σ
−1
2 σ
−1
1 = c23,
Sσ1σ2σ1,τ2 = σ1σ2σ1τ2σ
−1
1 σ
−1
2 σ
−1
1 = c12.
Thus ST3 is generated by elements a12, a13, a23, c12, c13, c23.
Proposition 3.7. Generators of SB3 act on the generators of ST3 by the rules:
– action of σ−11 :
a
σ−1
1
12 = a12, a
σ−1
1
13 = a23, a
σ−1
1
23 = a12a13a
−1
12 ;
c
σ−1
1
12 = c12, c
σ−1
1
13 = c23, c
σ−1
1
23 = a12c13a
−1
12 ;
– action of σ−12 :
a
σ−1
2
12 = a13, a
σ−1
2
13 = a23a12a
−1
23 , a
σ−1
2
23 = a23;
c
σ−1
2
12 = c13, c
σ−1
2
13 = a23c12c
−1
23 , c
σ−1
2
23 = c23;
– action of τ−11 :
a
τ−1
1
12 = c12a12c
−1
12 , a
τ−1
1
13 = c12a13c
−1
12 , a
τ−1
1
23 = c12a23c
−1
12 ,
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c
τ−1
1
12 = c12, c
τ−1
1
13 = c12c13c
−1
12 , c
τ−1
1
23 = c12c23c
−1
12 ,
– action of τ−12 :
a
τ−1
2
12 = c23a12c
−1
23 , a
τ−1
2
13 = c23a13c
−1
23 , a
τ−1
2
23 = c23a23c
−1
23 ,
c
τ−1
2
12 = c23c12c
−1
23 , c
τ−1
2
13 = c23c13c
−1
23 , c
τ−1
2
23 = c23.
– action of σ1:
aσ112 = a12, a
σ1
13 = a13a23a
−1
13 , a
σ1
23 = a13;
cσ112 = c12, c
σ1
13 = a
−1
12 c23a12, c
σ1
23 = c13;
– action of σ2:
aσ212 = a
−1
23 a13a23, a
σ2
13 = a12, a
σ2
23 = a23;
cσ212 = a12c13a
−1
12 , c
σ2
13 = c12, c
σ2
23 = c23;
– action of τ1:
aτ112 = a12, a
τ1
13 = c
−1
12 a13c12, a
τ1
23 = c
−1
12 a23c12,
cτ112 = c12, c
τ1
13 = c
−1
12 c13c12, c
τ1
23 = c
−1
12 c23c12,
– action of τ2:
aτ212 = c
−1
23 a12c23, a
τ2
13 = c
−1
23 a13c23, a
τ2
23 = c
−1
23 a23c23,
cτ212 = c
−1
23 c12c23, c
τ2
13 = c
−1
23 c13c23, c
τ2
23 = c23.
Proof. Let us prove some formulas:
τ2c13τ
−1
2 = τ2σ2τ1σ
−1
2 τ
−1
2 = S1,τ2Sσ2,τ1S
−1
1,τ2
= c23c13c
−1
23 ,
τ−11 a23τ1 = τ
−1
1 σ2σ2τ1 = S
−1
1,τ1
Sσ2,σ2S1,τ1 = c
−1
12 a23c12,
τ−11 c23τ1 = τ
−1
1 τ2τ1 = S
−1
1,τ1
S1,τ2S1,τ1 = c
−1
12 c23c12,
τ−11 a13τ1 = τ
−1
1 σ2σ1σ1σ
−1
2 τ1 = S
−1
1,τ1
Sσ2σ1,σ1S1,τ1 = c
−1
12 a13c12,
σ2a13σ
−1
2 = σ2σ2σ1σ1σ
−1
2 σ
−1
2 = Sσ2,σ2Sσ1,σ1S
−1
σ2,σ2
= a23a12a
−1
23 ,
σ−11 c13σ1 = σ
−1
1 σ2τ1σ2
−1σ1 = S
−1
σ1,σ1
Sσ1σ2,τ1Sσ1,σ1 = a
−1
12 c23a12,
σ1c13σ
−1
1 = σ1σ2τ1σ
−1
2 σ
−1
1 = Sσ1σ2,τ1 = c23

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The group ST3 has the following presentation.
Theorem 3.8. The singular pure braid group ST3 is generated by elements
a12, a13, a23, c12, c13, c23,
(3.0.1) a12c12 = c12a12
(3.0.2) a13c13 = c13a13
(3.0.3) a23c23 = c23a23
(3.0.4) a12a13a
−1
12 = a
−1
23 a13a23
(3.0.5) c12a13a23c
−1
12 = a13a23
(3.0.6) a12c13a
−1
12 = a
−1
23 c13a23
(3.0.7) a−112 a23a12 = a13a23a
−1
13
(3.0.8) a−112 c23a12 = a13c23a
−1
13
4. Structure of ST3
Some decomposition of ST3 gives the following
Theorem 4.1. The group ST3 is the semi-direct product of the normal subgroup
H = 〈a13, a23, c12, c13, c23 | a13c13 = c13a13, a23c23 = c23a23, c12a13a23c
−1
12 = a13a23〉.
and the infinite cyclic group U2 = 〈a12〉.
The group H is an HNN extension of
Z
2 ∗ Z2 ≃ 〈a13, c23, c13, c23 | a13c13 = c13a13, a23c23 = c23a23〉,
with stable letter c12, associated subgroups A = B = 〈a13a23〉 and identity isomorphism
A→ B.
Proof. Define an epimorphism ψ : ST3 → U2, by the rules
ψ(a12) = a12, ψ(a13) = ψ(a23) = ψ(c12) = ψ(c13) = ψ(c23) = 1.
The kernel Ker(ψ) is the normal closure of the subgroup H = 〈a13, a23, c12, c13, c23〉. From
the defining relations of ST3 follows that H is normal in ST3 and hence is equal to its
normal closure. To find defining relations of H we have to take relations
a13c13 = c13a13, a23c23 = c23a23, c
−1
12 (a13a23)c12 = a13a23,
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and add all relations which we get after conjugations by ak12, k ∈ Z. But it is not difficult
to see that all these relations are equivalent to our three relations. Hence, H has the
presentation from theorem.
The second part of the theorem follows from the definition of HNN-extension. 
Let us prove
Theorem 4.2. ST3 is isomorphic to SP3
Proof. Comparing the sets of relations for ST3 and SP3, we see that they are different by
one relation. In ST3 we have relation
a−112 c23a12 = a13c23a
−1
13 ,
but in SP3 we have relation
a12b23a
−1
12 = a
−1
23 a
−1
13 b23a13a23.
Conjugating relation in ST3 by a
−1
12 we get
c23 = a
a−1
12
13 c
a−1
12
23 a
−a−1
12
13 .
Using the defining relation of ST3 we have
c23 = a
a23
13 c
a−1
12
23 a
−a23
13 .
Conjugating both sides of the last relation by aa2313 we arrive to relation
c
a−1
12
23 = a
−1
23 a
−1
13 (a23c23a
−1
23 )a13a23.
Since a23 and c23 are commute we have
c
a−1
12
23 = a
−1
23 a
−1
13 c23a13a23.
This relation is equivalent to relation in SP3. Hence, the maps
aij 7→ aij , cij 7→ bij
define an isomorphism ST3 → SP3. 
Corollary 4.3. The group ST3 has the following decomposition:
ST3 = Z ×H,
where Z = 〈z〉 is the center of SB3 that is infinite cyclic, and H was defined in Theorem
4.1.
Let us define some other decompositions of ST3.
We know that ST3 contains the pure braid group P3 = 〈a12, a13, a23〉 and C3 = 〈c12, c13, c23〉.
Define two maps
ϕc : ST3 → P3, ϕc(aij) = aij, ϕc(cij) = e,
ϕa : ST3 → C3, ϕa(aij) = e, ϕc(cij) = cij .
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From the defining relations of ST3 follows that these maps define epimorphisms and we
have two short exact sequences:
1→ Ker(ϕc)→ ST3 → P3 → 1,
1→ Ker(ϕa)→ ST3 → C3 → 1.
It is easy to check that under ϕa all relations of ST3 go to the trivial relations. Hence,
we have
Proposition 4.4. C3 is the free group of rank 3.
We can find a generating set of Ker(ϕc). Recall that U3 = 〈a13, a23〉 is a free group
of rank 2 which is normal in P3 and P3 is a semi-direct product of U3 and infinite cyclic
group U2 = 〈a12〉. Denote by M1 the set of reduced words in the alphabet {a
±1
13 , a
±1
23 }
which stated with some power of a13. Denote by M2 the set of reduced words in the
alphabet {a±113 , a
±1
23 } which stated with some power of a23. Denote by M3 the subset of
M2 consist of the word which do not have the form a
−1
23 a
−1
13 u, where u ∈ U3.
Proposition 4.5. The kernel Ker(ϕc) is generated by elements
cu12, c
v
13, c
w
23, where u ∈M3, v ∈M2, w ∈M1.
Proof. By the definition Ker(ϕc) is generated by elements c
w
ij , where w ∈ P3. From
the structure of P3 follows, that w = a
k
12w
′ for some integer k and w′ ∈ U3. Using the
conjugation rules by elements aij, we can assume that Ker(ϕc) is generated by elements
cw
′
ij , where w
′ ∈ U3. Using the formulas (for ε = ±1):
c
a−1
23
a−1
13
12 = c12, c
aε
13
12 = c
a−ε
23
12 , c
aε
13
13 = c13, c
aε
23
23 = c23,
we get the need set of generators. 
Question 4.6. Is it true that Ker(ϕc) is a free group with the set of free generators
constructed in Proposition 4.5?
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